This paper considers' a finite-element approximation of a Poisson equation in a region with a curved boundary on which a Neumann condition is prescribed. Piecewise linear and bilinear elements are used on unfitted meshes with the region of integration being replaced by a polygonal approximation. It is shown, despite the variational crimes, that the rate of convergence is still order (h) in the H 1 norm. Numerical examples show that the method is easy to implement and that the predicted rate of convergence is obtained.
having boundaries 9Q (t) = 3 1 ilu8 2 £J ( ' I) , respectively, of the form depicted in Fig. 1 , on which the following boundary conditions hold:
where n (t) is the outward-pointing unit normal on 9 2 Q (k) . Such a situation arises when solving either certain types of moving-boundary problems as in Barrett & Elliott (1982) or free-boundary problems by trial free boundary methods as in Cryer (1977) .
The standard finite-element (or difference) approach would be to fit a mesh to each domain £2'*'. However, for a Neumann condition on a curved boundary it is not necessary to fit the mesh to the boundary in order to retain the optimal rate of convergence in the Dirichlet norm. Consider a uniform partition of the interior of the closed curve Q t n, taking no account of the position of Q 2 Cl lk) . Then one can define a finite-element approximation to u (i) by considering the associated variational form of (1.1) over a finite-element space based on this uniform partition. It is easy to show that the rate of convergence is optimal, see Babuska (1971) . However, this method requires the evaluation of integrals over n w and 9 2 f} ( * ) which in general cannot be performed exactly. Thus a practical approach is to perform the integrals over approximations QJ, 10 and Q 2^i h ) -It is the purpose of this paper to show that for the simplest trial spaces-piecewise linears on triangles and piecewise bilinears on rectangles-that by approximating the curved boundary by a straight line in each element the resulting approximation retains the optimal order of accuracy in the Dirichlet norm. Clearly more sophisticated trial spaces require a more elaborate approximation of the boundary to retain this optimality.
Although the effect of domain perturbation and numerical integration in the case of homogeneous Dirichlet boundary conditions is well understood (see, for example, Ciarlet & Raviart, 1972; Ciarlet, 1978; Wahlbin, 1978) , very little work has appeared concerning the Neumann problem. Oganesyan (1966) and Strang & Fix (1973) consider the effect of domain perturbation for the Neumann problem when using a fitted triangular mesh. However, the present authors are unaware of any work which has appeared concerning the use of an unfitted mesh. Clearly the use of unfitted meshes has useful practical applications for free and moving-boundary problems as at each step one would only have to adjust the domain of integration and not the mesh-leading to a considerable saving in effort and computing time. The technique offers also a computationally simple approach to solving a single elliptic equation with a Neumann condition on a given curved boundary which occurs, for example, in exterior flow problems.
The outline of the paper is as follows: in the next section we describe our technique more precisely. In Section 3 we study a domain perturbation of a boundary value problem which plays an important role in the derivation of our error estimate. One should note that the analysis of Oganesyan (1966) and Strang & Fix (1973) for fitted meshes does not generalize in a straightforward manner to deal with the present technique. We piece together the various estimates to prove our main theorem in Section 4. Finally, in Section 5, we discuss the numerical implementation of the method, including the use of numerical integration, and report on some numerical computations.
Throughout this paper we adopt the following notation. With N the set of natural numbers and G a bounded open region in R\ setting
M = t W

1=1
for a 6 N" we define the following norms and semi-norms for a function w defined on G: (G) . The measure of a domain G is denoted by m(G) and C denotes a positive constant, independent of h, whose value may change in different relations.
The Technique
Let £2 be a bounded open region in R 2 with a boundary 3Q such that 3fi = d l Q.iud 2 Q, where 9 t O and 3 2 £i are non-empty and disjoint. We assume that either 3 f n are closed curves or that 3^0 92^ = {finite number of points P,}. We assume also that 3 2 Q is smooth and that d^il is polygonal. Let/ 6 L 2 (Q), g x e H^Q) and g 2 6 L 2 (3 2 Q), then we shall approximate the problem: find u e H l (Q) with u-0! 6 H^Jfi) such that (Vu, V y ) n = (/, v) a + ig 2 , v> B2n , V 0 e tf i o (Q), (2.1)
where the following notation has been adopted for G £ R 2 and 3G = 3 t G u 3 2 G:
: w = 0 on SjG} and (wi, w 2 ) G = w x • w 2 dx, <Wj, w 2 > aG = Wj • w 2 <fs. JG JaG Equation (2.1) is the weak formulation of the mixed boundary-value problem:
2) on where n is the outward pointing unit normal to 3 2 Q.
Let ®* be a bounded set in R 2 containing Q which is the union of a collection of elements {e} with disjoint interiors. The elements {e}, which we assume to be regular (see Ciarlet, 1978, p. 124) , are either triangles or rectangles whose diameters are less than h in length. Thus the domain ®* is dependent on h, that is ®* = ©*(/i). Then
We shall assume that the elements e fit the boundary 3^ that is 3 X^ = 3^ and if then each point of intersection is taken to be a vertex of an element. A polygonal domain fl h approximating £2 is constructed in the following way. If for an element e, 3 2 C2n e & {<£}, then the arc of 3 2 £1 in e is approximated by its chord joining the points where it intersects the boundary of the element. If 3 2 £i crosses the boundary of the element more than twice then the approximating chord is taken to be that which joins the first point of entry to the last point of exit. The resultant piecewise linear approximation to 3 2 f2 is denoted by 3 2 Q h and fl A is then the open bounded domain in U 2 with boundary 3Q fc = 3 t fi u 3 2 £V Examples of the construction of the boundary 3 2 Q h for rectangular elements are given in Fig. 2 where C is a constant independent of w and h (see Ciarlet, 1978, p. 124 The reason for considering (2.7) rather than: find U e S h^2 >) such that 8) where S\[Q) and S^(S) are the obvious generalizations of (2.5), is that the integrals in (2.8) are over regions with curved boundaries and thus being difficult to evaluate (2.8) is not a practical method. The use of (2.7) in place of (2.8) is a so-called "variational crime". The method (2.7) is based on the use of an "unfitted" mesh as the approximation U is defined outside the region Cl h which is not a union of elements. A fitted mesh method would take in (2.7) Cl h to be a union of elements with the vertices on d 2 Cl h lying also on 9 2 Q. The approximation (2.8) was mentioned by Babuska (1971) in early mathematical papers on the finite-element method, but this idea of using an unfitted mesh seems to have been put to one side in the recent literature. The optimal error estimate in the Dirichlet norm for the approximation U e S h^@ ) given by (2.8) is easily obtained by the observation that
where r h u e S 1^^) is the interpolate of u. The desired result now follows from the approximation property of S\2>) and the smoothness of u, that is \u-U\ ua^C h\u\ 2M .
-
It is the aim of this paper to show that the computationally convenient and simple approach (2.7) retains this optimal rate of convergence. To obtain this error estimate we need to study a perturbed mixed boundary-value problem, which forms the basis of the next section. We note that the approximation defined by (2.7) depends on the extended data {/, g 2 } as opposed to the given data {/, g 2 }. However, in most problems of interest/and g 2 are smooth functions and thus this extension causes no difficulties. Indeed by employing numerical integration to the right-hand side of (2.7) the dependence of/ can be removed and for the case of S h being linears on triangles the dependence on.g 2 can also be removed. This point and further details of the implementation of the technique are described in Section 5. The method is easily applied to the more general equation
A Domain Perturbation of the Boundary-value Problem
Let d(h) be a family of bounded open sets in R 2 , depending on the parameter h e [0, ho] , which are obtained from Q by replacing 3 2 Q with a smooth curve d 2 d(h) so that ft(0) = fi. The boundary of ftyi) is then dCtyh) = 3^finp(^, where o^fl and 8 2 fi(/i) are disjoint. We shall assume that 8ft(Ji) is "minimally smooth" in the sense of Stein (1970, p. 189) and that it is so independently of h, i. 
Under these conditions we have the following result.
LEMMA 3.1 Ifd 2 d(h) is minimally smooth, independently of h, there exists a linear operator & h mapping functions on d.(h) to functions on U 2 such that
where Cj is a constant independent ofh and w.
Proof. This is proved in Stein (1970, pp. 180-192) , where it is shown that the constant Cj depends upon the Lipschitz constants of the curves a|,().
• For each boundary element e of 3> h (i.e. enQ 2 Cl h #{<£}) a local co-ordinate system {X e , V) may be defined so that end 2 Cl h is the A"' axis. Then d 2 Q and d 2 ft(/i) can be parameterized locally by / e () and ? e (), respectively, for 0 < X' < h e ^ h, where h e is the length of the boundary edge. Since the boundary 9 2 fl is smooth and, by the construction of Cl h , Z e (0) = l e (h e ) = 0, we have We shall require that ft(/i) satisfies for /:
We shall assume that {/, g 2 } are the restrictions to H of functions {/, g 2 } which are smooth in a neighbourhood •/T* 0 of 9 2 ft(/io) containing 9 2 Q. There exists a unique solution u(h), such that ii(0) = u, of the perturbed boundary-value problem = 3 2 on 9A(/) where n(/i) is the outward pointing unit normal on d 2 d(h). We shall assume also that there exist constants C 2 and C 3 dependent only on/, g lt g 2 , Cl and /i 0 such that
where the space C 1A (Jf h°) consists of those functions whose first derivatives are Lipschitz continuous on Jf ha and || • llcn^o) is its associated norm. It is necessary to justify the strong assumptions (3.3) and (3.5), and we do this in the following remarks. Remark 3.1. Construction offtijh). First note that if Q is locally convex with respect to 9 2 £i, then Q k cQ and Ci(h) may be taken as Q, which means that (3.3) is trivially satisfied. Otherwise it is necessary to check that given a domain fl one is able to construct a family ft(/i) which is minimally smooth, independently of h, and which satisfies (3.3). We give a construction of ft (/i) 3a) and (3.3b). Furthermore, Cl{h) is minimally smooth independently of h since the boundary Q 2 d.(h) has, for small h, essentially the same smoothness properties as 3 2 fi: that is, the local Lipschitz constants of 3 2 ftyi) depend only on the local Lipschitz constants of 3 2 Q and the constant h 0 .
The above construction can be generalized to the case where 3 2 Q is a smooth curve whose end-points P, and P 2 are also end-points of 3^; that is, d l ilnd 2 Q = {P x ,P 2 }; and 3 2 £1 is locally convex at P x and P 2 . In this case we take d 2 ft (h) to be tne envelope of circles centred on 3 2 £1 with radius R = C A h 2 y(s), where s is the arc length of 3 2 fi and y(s) is a function which vanishes at the end points Pj and P 2 and rises smoothly with derivatives bounded above independently of h to take on the constant value 1 on the interior of 3 2 Q. We omit the details of this construction, since in general for problems where 3!Qn3 2 fi # {<£} we will not be able to ensure the regularity of the resulting boundary-value problem on C^h), see Remark 3.2(c). depends on the behaviour of the data in the neighbourhood of the vertices and on the vertex angles. In general singularities are present, unless compatibility conditions hold, and it is not the purpose of this paper to consider the problem of singularities. Although we are unable to give conditions to ensure that (3.5) holds for a family of domains in this situation, in Example 3 of Section 5 we give results of a numerical calculation.
We now present a lemma relating the solution u of the mixed boundary-value problem (2.2) to the solution u[h) of the perturbed problem (3.4). To simplify the notation in the remainder of this paper we omit the dependence on h of the perturbed problem; that is, we refer to u{h) as u, etc. For the domain Q one has the standard trace inequality
Mo.wi < C 5 |w| lin V w e H&Q).
Applying this inequality to the right-hand side of (3.8) yields the desired result (3.7a).
(ii) For e e @ h such that er\ 9 2 fl h # {<£} we may write du du 0,en (3.9) Noting that 9u/6n = g 2 on d 2 ft we obtain -du (3.10) 8fi -(X,/ e -* Now (3.2), (3.3), (3.5) and the smoothness of g 2 imply that (3.11) (3.12) through combining (3.10) and (3.11). The inequality (3.7b) follows from (3.9), (3.12) and the fact that the number of boundary elements in OQi' 1 ). In a similar fashion we obtain (3.7c) since The smoothness of g 2 , (3.3) and (3.5) imply the desired result.
•
The Error Estimate
To estimate the error in the approximation (2.7) it is convenient to consider the perturbed problem (3.4) studied in the last section. Let U* be the best fit to u in S^SJ with respect to the Dirichlet norm over il h , then we have the following approximation result Proof. For a domain Gsfi 2 there exists a constant C independent of w and G such that HO.G < C[m(G)]*|w| ltC , see Ladyzhenskaya & Ural'tseva (1968, p. 46) . Thus (4.3a) holds. The proof of (4.3b) follows from the proof of the trace theorem in Necas (1967, p. 15 
), (4.3a) and the inclusion Q fc £ d(h 0 ). m
The error between u, the solution of (2.2), and U, the solution of (2.7), on fi n Cl h satisfies -U\ unh .
(4.4)
The first term on the right-hand side of (4.4) is the perturbation in the exact solutions due to the change of domain J2 to Cl, the second term is the approximation error due to the choice of trial space and the third term is the difference in the discrete solutions due to the change of domain. Lemma 3.2 relates the difference between the exact solutions; its analogue for the discrete solutions is given below. where Remark 4.1. The preceding analysis holds for fitted meshes. Remark 4.2. If fl is concave with respect to the surface 3 2 O, then Qcfl, and the error analysis given in Strang & Fix (1973) for fitted meshes may be generalized to apply to the approximation (2.7). Let u be the extension S h u of u from fi to the plane as defined in (3.1). Then we have
where 17* is defined by (4.1) and satisfies (4.2) with Cl = £1 Hence it only remains to bound \U*-U\ unh . Subtracting (2.7) from (4.1) yields
(4.9)
The "skin" 9t is then Q,,\ft and m(0) ^ Oi 2 by the construction of Cl h . Taking K = e* = I/* -Urn (4.9) and noting that u = u on Q implies Consider the case g 2 = 0, and setting g. 2 = 0, that is homogeneous Neumann boundary condition on 9 2 ii. Then assuming that Vu and /are bounded on St we have | liQll + |«*|o.Qj.
(4-10) since S c Q,,. As e* = 0 on 8,Q we can apply the Poincare-Friedrichs inequality (4.3a) to obtain \e*\ unh^C h. . (4.11)
Thus substituting (4.11) and the approximation error (4.2) into (4.8) we have shown that \u-U\ ua £Ck (4.12)
This result applies to an important class of problems-for example exterior flow past a convex body. One can view (4.12) as a generalization of a result buried in Oganesyan (1966) . Oganesyan shows that for any domain Ji if one constructs an approximation Q h such that Q <= Q h and which satisfies dist (8Q, d£lj ^ Ch 2 , then a piecewise linear approximation U based on a triangulation of Cl h , that is £) h = Cl h a fitted mesh, satisfies (4.12). Oganesyan gives a construction for Cl h which is extremely technical and certainly not easy to implement.
Implementation and Numerical Examples
For a given fi and Q)* the construction of Cl h is straightforward. Then to obtain the approximation U e S£(^) defined by (2.7) integrals over this polygonal domain Q,, and the piecewise linear curve 3 2 D h have to be calculated. These integrals are performed in each element e individually as in the normal manner, but now, as we are dealing with an unfitted mesh, in some elements the integration is calculated only over the subregion e n £l h ; examples of which are given in Fig. 3 . Since Cl h is polygonal these integrals are easy to evaluate.
In evaluating the left-hand side of (2.7) for each basis function of SQ{2^ a constant function has to be integrated over end, when using a piecewise linear trial space on triangles or a quadratic function when using a piecewise bilinear trial space on rectangles. In either case, by inspecting Fig. 3 , the region enCl h can be split into one, two or three subtriangles t on which an appropriate integration rule can be used to evaluate the integral exactly: that is sampling the integrand at the centroid for a linear trial space and averaging the value of the integrand at the midpoint of the sides for a bilinear trial space. Therefore it is a simple matter to evaluate the lefthand side of (2.7) exactly.
The use of numerical integration plays a more important role in evaluating the terms on the right-hand side of (2.7). The numerical integration rules chosen should be of sufficiently high order so as to retain the optimal rate of convergence given.by (4.7), but at the same time it would be desirable that their sampling points were contained in Q for evaluating the integral over Cl h and on 3 2 Q for evaluating the integral on 9 2 fl fc , respectively; for then the numerical approximation U would be independent of the extensions of/and g 2 -In employing numerical integration our approximation scheme (2. 
where C l2 is a constant independent ofh. Proof. Subtracting (5.1) from (2.7) with V = U-U h and using the bounds (5.2) yields the desired result.
• Thus if the assumptions of Lemma 5.1 hold we have that the approximation U h has the optimal rate of convergence in the Dirichlet norm through combining (5.3) with (4.7). A numerical integration rule (/, F)o. which depends only on f and not on / is to average the value of the integrand at the vertices of each subtriangle t, since each vertex lies in £1 through the construction of Cl h . It is a simple matter to show that this rule satisfies the condition (5.2a). For it is equivalent to integrating exactly the piecewise linear interpolate sl(fV) oifV, which is linear on each subtriangle t and interpolates fV at the vertices, and so we have
U V) Qh -(f, V&J = I [ \JV-sl(fV)] dx dy a >-
(5-4) From standard interpolation theory (see Ciarlet, 1978, p. 123) The desired result (5.2a) follows by applying the Poincare-Friedrichs inequality (4.3a) to the right-hand side of (5.7).
If the trapezium rule is used for each section end 2 Cl h of the boundary integral, then once again this rule depends only on g 2 , and not on the extension g 2 . However, we shall see that the bound (5.2b) only holds when S\@J is the space of piecewise linear functions on triangles. In the case of bilinears on rectangles a higher order numerical integration rule, such as Simpson's rule, has to be used to satisfy the bound (5.2b) with the disadvantage that it is dependent on the extension g 2 . The trapezium rule on the boundary edge [0, h J = e n d 2 Q h is equivalent to integrating exactly the linear interpolate ql{g 2 V) of g 2 V, which is linear on end 2 Q h and interpolates g 2 V at the end points, and so we have and using the inverse inequalities (5.11) we obtain Substituting (5.14) into (5.13) and applying the trace inequality yields the desired result (5.2b). We now report on some numerical examples, each solving a Poisson equation in a square with a section removed. For our trial space we choose piecewise bilinears on squares of size h, resulting from a uniform partition of the complete square. Numerical integration of the type described previously in this section is employed. to hold we have to construct a domain C\h) such that (3.3) and (3.5) hold. Clearly this is easily achieved by taking Q 2^h ) to be the circle x 2 + y 2 = l -C^h 2 , where C 4 is a sufficiently large positive constant such that Hg^c £\h). The error between the true solution and the finite-element solution is shown in Table 1 for various values of h. We see that the predicted O{h) convergence in the Dirichlet norm is obtained. Also the I 2 error appears to be O(h 2 ) and the maximum error at a node lying inside Q appears to be approximately O{h 2 ), this maximum error usually being attained at a node lying near the boundary 6 2 Q. Example 5.2. The domain SI is depicted in Fig. 4 . Dirichlet conditions are specified on the sides x = 0 and y = -1 and a Neumann condition on the curved boundary Table 2 we see that the error in the Dirichlet norm is O(h), the error in L 2 norm is O(h 2 ) and the maximum nodal error is approximately O(h 2 ). Since Q is convex, we have il h £ fl and so we can take Cl = £2 to apply our error estimate. Example 5.3. This example is similar to Example 5.2, the only change being that we take the curved boundary to be (y + i) = 4(x + ^) 3 , so now ft is not convex and thus n k £ Cl. Dirichlet and Neumann boundary conditions are specified as before so that the solution u is given by (5.16). From (5.16) we see that on (y + i) = 4(x + i) 3 and this is what we set the extension g 2 to be. From the results given in Table 3 we see once again that the error in the Dirichlet norm is O(h), the error in the L 2 norm is O(h 2 ) and the maximum nodal error is approximately 0{h 2 ). However, in this case it is not obvious how to construct the domain Cl(h) such that the conditions (3.3) and (3.5) hold in order for our error estimate to apply. The main problem is that 8 2 O is locally concave near the origin. Although u is smooth at the origin, if we construct a curve 9 2 ft(/i) satisfying (3.3) we cannot guarantee the regularity of u at the origin.
To conclude, we see that the technique presented is easy to implement and produces an approximation with the same convergence properties as one would obtain with a fitted mesh. Thus the method retains accuracy with a considerable saving in effort and computer time.
